The mean width is a measure on n-dimensional convex bodies. An integral formula for the mean width of a regular n-simplex appeared in the electrical engineering literature in 1997. As a consequence, expressions for the expected range of a sample of n + 1 normally distributed variables, for n ≤ 6, carry over to widths of regular n-simplices. As another consequence, precise asymptotics for the mean width become available as n → ∞.
Let C be a convex body in R n . A width is the distance between a pair of parallel C-supporting planes (linear varieties of dimension n − 1). Every unit vector u ∈ R n determines a unique such pair of planes orthogonal to u and hence a width w(u). Let u be uniformly distributed on the unit sphere S n−1 ⊂ R n . Then w is a random variable and E (w 3 ) = 3 2π arccos − 1 3
for C = the regular 3-simplex (tetrahedron) in R 3 with edges of unit length and E (w 4 ) = 10 3π 2 3 arccos − 1 3 − π for C = the regular 4-simplex in R 4 with edges of unit length [1, 2] . Our contribution is to extend the preceding mean width results to regular n-simplices in R n for n ≤ 6. We similarly extend the following mean square width result: E w 2 3 = 1 3 1 + 3 + √ 3 π which, as far as is known, first appeared in [3] .
The key observation underlying our work is due to Sun [4] , which in turn draws upon material in [5, 6] . It does not seem to have been acknowledged in the mathematics literature. After most of this paper was written, we found [7] , which assigns priority to to Hadwiger [8] and to Ruben [9] for closely related ideas.
Order Statistics
Let X 1 , X 2 , ..., X n denote a random sample from a Normal (0, 1) distribution, that is, with density function f and cumulative distribution F :
The first two moments of the range r n = max{X 1 , X 2 , ..., X n } − min{X 1 , X 2 , ..., X n } are given by [10, 11] 
For small n, exact expressions are possible [12, 13, 14] :
= 3.653...,
The preceding table complements an analogous table in [15] for first and second moments of max{X 1 , X 2 , ..., X n }. Similar expressions for µ 8 = 2.847... and ν 8 = 8.778... remain to be found.
Key Observation
Let us rescale length so that the circumradius of the n-simplex is 1. Adjusted width will be denoted by w n . Using optimality properties of the n-simplex, Sun [4] deduced a formula for mean half width:
(see Corollary 2 on p. 1581 and its proof on p. 1585; his M is the same as our n + 1). We recognize the latter integral as µ n+1 /(2(n + 1)); hence
and therefore
because, in our original scaling, the circumradius is n/(2(n + 1)). No similar integral expression for E ( w 2 n ) appears in [4] . We circumvent this difficulty by noticing that the formula [16, 17] 
bears some resemblance to the coefficient of µ n+1 in our expression for E (w n ). The square version
is trivial and leads us to conjecture that
by analogy. Numerical confirmation for n ≤ 6 is possible via the computer algebra technique described in [3] . In summary, we have mean width results
and mean square width results
Asymptotics
We turn now to the asymptotic distribution of r n as n → ∞. Define a n to be the positive solution of the equation [12, 18] 2π a 2 n exp a
that is,
in terms of the Lambert W function [19] . It can be proved that the required density is a convolution [20, 21] :
where K 0 is the modified Bessel function of the second kind [22] . A random variable Y , distributed as such, satisfies
where γ is the Euler-Mascheroni constant [23] . This implies that
and hence
2 n ln(n) .
More terms in the asymptotic expansion are possible.
If we rescale length so that the inradius of the n-simplex is 1 and denote adjusted width by w n , then
because, in our original scaling, the inradius is 1/ (2n(n + 1) ). This first-order approximation is consistent with [2] .
Regular Octahedron
As an aside, we return to the setting of R 3 and review our computational methods for C = the regular octahedron with edges of unit length.
For simplicity, let ♦ be the octahedron with vertices
At the end, it will be necessary to normalize by √ 2, the edge-length of ♦. thus x 5 = a c , x 6 = −a c. We now examine all pairwise distances, squared, between the six intersection points:
and define
The mean width for C is Here are details on the final integral. A plot of the surface (θ, ϕ) −→ g(cos θ sin ϕ, sin θ sin ϕ, cos ϕ) 2 appears in Figure 1 , where 0 ≤ θ ≤ 2π and 0 ≤ ϕ ≤ π. Figure 2 contains the same surface, but viewed from above. Our focus will be on the part of the surface to the right of the bottom center, specifically 0 ≤ θ ≤ π/4 and π/2 ≤ ϕ 9/4. The volume under this part is 1/24 th of the volume under the full surface.
We need to find the precise upper bound on ϕ as a function of θ. Recall the formula for g as a maximum over nine terms; let g ℓ denote the ℓ th term, where 1 ≤ ℓ ≤ 9. Then the upper bound on ϕ is found by solving the equation g 1 (cos θ sin ϕ, sin θ sin ϕ, cos ϕ) = g 9 (cos θ sin ϕ, sin θ sin ϕ, cos ϕ) for ϕ. We obtain ϕ(θ) = 2 arctan(h(θ)), where
and, in particular,
It follows that g = g 1 for 0 ≤ θ ≤ π/4 and π/2 ≤ ϕ ≤ 2 arctan(h). Now we have 
Integrating this expression from 0 to π/4 gives the desired formula for E (w 2 octa ).
n-Cubes
After having written the preceding, we discovered [7] , which gives the mean width for a regular n-simplex in R n as Consistency is readily established; nothing is said in [7] about the connection between E (w n ) and order statistics from a normal distribution (more precisely, the expected range µ n+1 ). By contrast, the mean width for an n-cube with edges of unit length is elementary:
and we conjecture that E w 2 n-cube = 1 + 2(n − 1) π .
6. n-Crosspolytopes A regular n-crosspolytope with edges of unit length has mean width [7, 24] E (w n-crosspolytope ) = 2 √ 2n(n − 1) π
the case n = 3 corresponds to the octahedron discussed earlier. It is not surprising that a connection exists with order statistics from a half-normal (folded) distribution. We will examine this later, as well as relevant expressions from [25] . An appropriate mean square conjecture also needs to be formulated in this scenario.
